0. Let £ be a Banach space, and let N{E) be the Banach algebra of all nuclear operators on E. In this work, we shall study the homological properties of this algebra. Some of these properties turn out to be equivalent to the (Grothendieck) approximation property for E. These include: Let A be a Banach algebra, not necessarily with an identity, and let A+ be its unitization. All homological concepts to be used below (the cohomology groups of A, the groups "Ext", the homological dimension dh^ A' of a (left Banach) ,4-module X, the (left) global dimension, dg.,4, and the cohomological dimension (otherwise called bidimension), dbA, of A, (bi)projectivity, (bi)flatness and others) are assumed to be known; they are set out in detail in A. Ya. Helemskii's book [1] (see also [5] ).
, it coincides with N(E). The corestriction of T to N(E) is denoted by d:A(E)-> N(E). It is clear that \\e(a)\\ NiE)^\ \a\\ A(E) (aeA(E)).
Let L E = ker 6. Then L E is a closed bi-ideal of A(E), and the operator generated by 0 is an isometric isomorphism of Banach algebras. It is known (see [2, I, §5, Proposition 35]) that L E = 0 if and only if E has the approximation property (AP for short); in this case the Banach algebras A(E) and N(E) are isometrically isomorphic.
By Lemma 2.2 of [6] , the algebra A(E) is always biprojective, and therefore (see [1, Theorem V.2.28]) for A =A(E) (and also for A = N(E) in the case where E has AP) we have H n (A,X) = 0 for all y4-bimodules X and for all n > 3. In particular, dg/l ^ 2 and dh,4 C^ 1, where C = A+/A is the one-dimensional annihilator .A-module.
The content of the paper is as follows. The key result of Section 1 (Theorem 1) is that, if E does not have AP, then, for A = N(E), we have dh A A = cc. It follows (Corollaries 1 and 2) and dg.4 = dh A C = °°, and A is neither biprojective nor biflat. In Corollaries 3 and 4, Theorem 1 is used to study the cohomology groups H"(A,X) and singular extensions of the algebra A = N(E) by X, where X is a right-annihilator /1-bimodule. In Section 2, the global and cohomological dimensions (and other characteristics) of the algebras A{E) and N(E) are calculated for each infinitedimensional Banach space E. We show (Theorem 2 and Corollary 5) that dgA(E) = db A(E) = 2, and the condition that dgN(E) = 2 (dbN(E) = 2) is equivalent to the approximation property for E. Section 3 studies the cohomology groups of the algebra N(E) with coefficients in annihilator and some other bimodules. In particular, Theorem 6 shows that H 2 (N(E), N(E)) = 0 for each Banach space E, and that H 3 (N(E), N(E)) = 0 if and only if E has AP.
1. Homological finite-dimensionality for the algebra of nuclear operators. We shall prove the following theorem. THEOREM 
Let E be a Banach space, and let A = N(E). Then dh A =°o if E does not have AP.
We preface to the proof of Theorem 1 a number of simple lemmas. LEMMA 
Let E be a Banach space. Then, for each a, b eA(E) = E <8> E* and each L e B(E), the following equalities hold:
( LEMMA 3 (see [7, 4.6 
(i)]). Let E be a Banach space, and let A = N(E). Then, up to an isometric isomorphism of A-bimodules, the reduced module A n = A ® A coincides with E <S> £*, and the morphism K.A n -*A coincides with the epimorpnism 6:E®E*-> N(E).
We give a direct proof of this result.
Proof. Choose x 0 e E and f 0 e E* such that (x 0 ,f 0 ) = ||JC O ||E = II/OIIE* = 1-F°r x eE, / e £ * , l e t 232 YU. V. SELIVANOV Then A is a continuous linear operator from E <8> E* into A <E> A; it is clear that A is a morphism of/1-bimodules, and that ||A|| < 1.
On the other hand, let R:A x A-*E <8> E* be the bilinear operator given by R(6u,dv) = uv, where u,v eA(E). We shall prove that R is properly defined and continuous. Indeed, if 6u'= 6u and 6v' = dv, then, by Lemma 
It is easily verified that R is balanced (i.e., R{ab, c) = R{a, be) for any a = 6u, b = 6v, c = 6w, where u, u, w eA(E)). The operator from A® A into E ® E* associated with R is denoted by fi. It is obvious that n is a morphism of ^4-bimodules, that \\fi\\ < 1, and that ju°A = l E <g, E '. We shall prove now that A°ju is the identity on A <8> A, in which case k = fi~l and ^:/4<8>^4-* E & E* is an isometric isomorphism of Abimodules.
Indeed, since 0 : 
where ( " U Then clearly ^: P n _!-» P n is a morphism of A -modules. From (4) for y = y 0 , we see that for all x e P n , and hence t,°d n -x is the identity on P n . Consequently the morphism d n -x :P n -*P n -x is a coretraction. But then obviously dh A A<n. Since n=dh / ,/4, we obtain a contradiction. Thus dh,, A=<*>, and the theorem is proved. 2. The global dimension of the algebra of nuclear operators. The first theorem is related to [8, Theorem 5] , which was stated without proof. THEOREM 
A(a ®x) = (i(a) <8>x,a<S) K(X)) (a e A, x e A n ), i is the natural embedding of

Let E be an infinite-dimensional Banach space, and let A = A(E). Then dh A K(E) = dh^ B(E) = 2, and dg
To prove Theorem 2, we need a lemma. LEMMA 
Let E be a Banach space, and set A = A(E). Suppose also that X = K(E) or B(E). Then, up to an isometric isomorphism of A-bimodules, the reduced modules A®XandX®A
coincide with E <8> E*.
A A
The proof of this lemma is analogous to the proof of Lemma 3; the isomorphism ( U :A ® * -> £ <8> E* is denned by >L) = ;t<g>L7
(xeE,LeX,feE*). 
where Since obviously Vj 0 Aj is the identity on A <S> A, we have for each a eA,
i.e., ||a||<2C||T(a)|| A -, where C=||Vj||. It follows that L £ = kerr = 0 and that the norms of the spaces E <E> E* =A and E < §> E <= X are equivalent. (Here, < §> is the symbol for the weak tensor product of Banach spaces (see [2] , [5] ).) In other words, E ® E* and E ® E* are canonically isomorphic. As Grothendieck showed (see [2, I, §4, Corollary 2 on p. 153]), the latter implies that E is finite-dimensional. But we have assumed that dim E = oo, and so we have a contradiction. Consequently, dh^ X = 2 and db/4>dg.4>2. Since the algebra A is biprojective ( 
